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Programme

(1) mathematical
models

(2) ///o/o/o/o
algebraic

meta-theories

for: higher-order,

type dependency,

polymorphism,

linearity,

. . .



Meta-Theory of
Algebraic Structure

[Linton 1966] [Lawvere 1963]
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[Birkhoff 1935]

◮ Soundness & completeness (Birkhoff)

− term rewriting

◮ Algebraic theories (Lawvere)

− translations & constructions

◮ Finitary monads (Linton)

− initial-algebra semantics
(compositionality & induction)



This Talk (1)

Algebraic framework and methodology
for the synthesis of deduction systems

for equational reasoning
and computation by rewriting.



This Talk (2)

Extension of the algebraic first-order

mathematical theory to second-order;

that is, to languages with variable binding.

Cat. Alg.
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I

Universal Algebra

and

Equational Logic



Universal Algebra

Syntax Semantics

signatures:
Σ = {Σn ∈ Set }n∈N

algebras:
A = {Σn × An → A }n∈N

free constructions:

V //

∀ρ !!D
DD

DD
DD

T(V)

∃!ρ#

���
�

A

terms, variables,
and substitution:
T(V) × AV → A

t, ρ 7→ t[ρ]

equations:
V ⊢ t ≡ t ′

validity:
A |= t ≡ t ′

iff ∀ρ ∈ AV. t[ρ] = t ′[ρ]



Birkhoff ′s Deduction Problem

Devise a deduction system such that

t ≡ t ′ is derivable from a set of equations E

soundness
��

completeness
KS

for all A |= E, A |= t ≡ t ′

Birkhoff ′s Equational Logic

of Universal Algebra

(t ≡ t ′) ∈ E

t ≡ t ′

ti ≡ t ′i (i = 1, . . . , n)

o(t1, . . . , tn) ≡ o(t ′1, . . . , t
′
n)

(o : n)

t ≡ t ′

t[ρ] ≡ t ′[ρ]
(ρ a substitution)



Analysis of Universal Algebra

Syntax Semantics

signatures:
Σ = {Σn ∈ Set }n∈N

algebras:
A = {Σn × An → A }n∈N

free constructions:

V //

∀ρ !!D
DD

DD
DD

T(V)

∃!ρ#
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A

terms, variables,
and substitution:
T(V) × AV → A

t, ρ 7→ t[ρ]

equations:
V ⊢ t ≡ t ′

validity:
A |= t ≡ t ′

iff ∀ρ ∈ AV. t[ρ] = t ′[ρ]



II

Monadic
Equational Systems

and

Equational Metalogic



Monadic Equational Systems

Generalised Syntax Semantics

T a strong monad

E-M algebras:
A = (TA → A)

generalised terms:
t : U → TV

(Kleisli maps)

variables:
V → TV

substitution:
σ : TV ⊗ [V,A] → A

interpretation:

U ⊗ [V,A]
t⊗id ��

[[t]] // A

TV ⊗ [V,A]
σ

88qqqqqq

generalised equations:
t ≡ t ′ : U → TV

validity:
A |= t ≡ t ′iff [[t]] = [[t ′]]



Deduction Problem

Devise a deduction system such that

t ≡ t ′ : U → TV is derivable from a set of
generalised equations E

soundness
��

completeness
KS

for all A |= E, A |= t ≡ t ′



Equational Metalogic

(Subst)

t1 ≡ t ′1 : U → TV

t2 ≡ t ′2 : V → TW

t1[t2] ≡ t ′1[t
′
2] : U → TW

(LocChar)

{ ei : Ui → U }i∈I jointly epi

t ei ≡ t ′ ei : Ui → TV (i ∈ I)

t ≡ t ′ : U → TV

(Ext)
t ≡ t ′ : U → TV

〈W〉t ≡ 〈W〉t ′ : W ⊗ U → T(W ⊗ V)



Soundness

If t ≡ t ′ : U → TV is derivable from E

then A |= t ≡ t ′, for all A |= E.

Internal

Soundness and Completeness

For
T̃V the free algebra satisfying E

and
q : TV → T̃V the associated quotient map,

the following are equivalent:

1. A |= t ≡ t ′ : U → TV , for all A |= E

2. T̃V |= t ≡ t ′ : U → TV

3. q t = q t ′ : U → T̃V



Methodology

Model

S

T

LL
///o/o/o universe of

discourse
abstract syntax oo o/ o/ o/

↓

Theory

↓

Deductive System

A ⊲ f ≡ f ′ : C → TA
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axioms 777w
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arities
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co-arities

sound for a canonical algebraic model theory
+

framework for completeness
interpretation

55
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syntactic structure

Equational Logical Framework

A ⊲ Γ ⊢ t ≡ t ′



Applications

◮ Rational reconstruction of mono-sorted
and multi-sorted equational logic.

◮ Synthetic Nominal Equational Logic.

◮ Metalogic for the enriched algebraic
theories of Kelly and Power.

◮ Algebraic model theory for rewriting
modulo equations.



III

Second-Order
Equational Logic



Beyond First-Order

Computer Science

◮ (λx.M)N = M[N/x]

◮ λx.Mx = M
(
x 6∈ FV(M)

)

Logic

◮ ¬(∀x. P) = ∃x.¬P

◮ (∀x. P) ∨Q = ∀x. (P ∨Q)
(
x 6∈ FV(Q)

)

Mathematics

◮

∫ ( ∫
f(x, y)dx

)
dy =

∫ ( ∫
f(x, y)dy

)
dx

◮ P(c) ∼=
∫z∈C

C(c, z) × P(z)

[Church 1940]
A formulation of the simple theory of types.



Simple Type Theory

types unstructured algebraic
algebraic

with
binding

terms algebraic
algebraic

with
binding

algebraic
with

binding

algebraic simply
typed

dependently
typed

theories

The syntactic theory should account for:

◮ variables and meta-variables

◮ variable binding and α-equivalence

◮ capture-avoiding and meta substitution

◮ mono and multi sorting



Synthesis of Second-Order

Equational Logic

◮ Development in the spirit of Birkhoff:
from model theory to deductive system.

◮ Second-Order Equational Logic is
synthesised from an Equational Metalogic
by means of a syntactic concretisation of
a monadic model theory.

◮ Soundness is guaranteed by construction;
completeness is established by an explicit
description of free constructions as
syntactic quotients under (bidirectional)
term rewriting.



Algebraic Model Theory

Set
F

777w
7w

finite sets (contexts)
and functions (renamings)

Σ

NN

Σ(X) =
∐

~n=(n1,...,nk)∈N∗ Σ~n ×
∏k

i=1 XV
ni

interpretation

LL
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X ∈ Set
F provides





XΓ (Γ ∈ F)

F(Γ , ∆) → Set(XΓ , X∆)

E.g. the object of variables is VΓ = Γ

syntactic structure =

◮ arities: an operator of arity ~n = (n1, . . . , nk)

takes k arguments, respectively binding
ni variables.

◮ signature: Σ = {Σ~n ∈ Set
F }~n∈N∗

+
◮ substitution



Algebras with Substitution
(Σ-monoids)

◮ algebra structure:

ΣX
ξ // X

◮ substitution structure:

monoid V
e // X

moo X • X
(
≡

Γ // XΓ oo X∆ × (XΓ)∆

subject to the laws of substitution

)

subject to the compatibility condition:

Σ(X) • X //

ξ•X

��

Σ(X • X)
Σm // ΣX

ξ

��
X • X m

// X



Monadic Model Theory

Σ-Mon

��
⊣

Set
F

OO

MΣ

KK

Thm:

1. MΣ(X) ∼= V + X • MΣ(X) + Σ(MΣX)

2. For Σ induced by a binding signature,
MΣ is a strong monad .

(Needed to develop a theory of strengths.)

concretion

��

�
�
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Syntactic theory.



Syntactic Theory

◮ Canonical specification and derived
correct definition of

� variable renaming,

� capture-avoiding simultaneous
substitution,

� meta-variable renaming,

� meta-substitution.

◮ Canonical algebraic model theory.



◮ Contexts

M1 : [m1], . . . , Mk : [mk] ⊲ x1, . . . , xn

(
∀1≤i≤k mi ∈ N

)

◮ Terms

(Variables)

For x ∈ Γ ,

Θ ⊲ Γ ⊢ x

(Parameterised metavariables)

For (M : [m]) ∈ Θ,

Θ ⊲ Γ ⊢ ti (1 ≤ i ≤ m)

Θ ⊲ Γ ⊢ M[t1, . . . , tm]



(Operators)

o : (m1, . . . ,mk)
(
∀1≤i≤k mi ∈ N

)

o is an operator taking k arguments

each of which binds mi variables

Θ ⊲ Γ, ~xi ⊢ ti (1 ≤ i ≤ k)

Θ ⊲ Γ ⊢ o
(
(~x1) t1, . . . , ( ~xk) tk

)



Second-Order
Equational Logic

◮ Equational presentations

An equational presentation is a set

of axioms each of which is a pair

of terms in context.

λ-calculus

λ : (1) , @ : (0, 0)

(β) M : [1] , N : [0] ⊲ ·

⊢ λ
(
(x)M[x]

)
@ N[ ] ≡ M

[
N[ ]
]

(η) F : [0] ⊲ ·

⊢ λ
(
(x)F[ ]@ x

)
≡ F[ ]



Typed λ-calculus

λσ,τ : (σ)τ → σ => τ

@
σ,τ : σ => τ, σ → τ

(β) M : [σ]τ , N : [ ]σ ⊲ ·

⊢ λσ,τ
(
(x)M[x]

)
@

σ,τ N[ ] ≡ M
[
N[ ]
]

: τ

(η) F : [ ](σ => τ) ⊲ ·

⊢ λσ,τ
(
(x) F[ ]@σ,τ x

)
≡ F[ ] : σ => τ



Classical first-order logic

Connectives ⊥,⊤ : o

∨, ∧ : o, o → o

¬ : o → o

Quantifier ∀ : (ι)o → o

Functions f(m)

i : ι, . . . , ι︸ ︷︷ ︸
m

→ ι

Predicates P(n)

j : ι, . . . , ι︸ ︷︷ ︸
n

→ o

Boolean algebra axioms for (⊥, ∨,⊤, ∧,¬)

P : [ι]o , X : [ ]ι ⊲ ·

⊢ ∀
(
(x)P[x]

)
≡ ∀

(
(x)P[x]

)
∧ P
[
X[ ]
]

: o

P : [ι]o , Q : [ ]o ⊲ ·

⊢ ∀
(
(x) P[x] ∨ Q[ ]

)
≡ ∀

(
(x)P[x]

)
∨ Q[ ] : o

Theory axioms · ⊲ · ⊢ ϕk ≡ ⊤ : o



◮ Deductive system

(Extended metasubstitution)

M1 : [m1], . . . , Mk : [mk] ⊲ Γ ⊢ s ≡ t

Θ ⊲ ∆, ~xi ⊢ si ≡ ti (1 ≤ i ≤ k)

Θ ⊲ Γ, ∆

⊢ s{Mi := (~xi)si}1≤i≤k ≡ t{Mi := (~xi)ti}1≤i≤k

Metasubstitution:

• x{Mi := (~xi)ti}1≤i≤k = x

•
(

Mℓ[s1, . . . , sm]
)
{Mi := (~xi)ti}1≤i≤k

= tℓ[s
′
j/xi,j]1≤j≤m

where s ′
j = sj{Mi := (~xi)ti}1≤i≤k

•
(
o(. . . , (~x)s, . . .)

)
{Mi := (~xi)ti}1≤i≤k

= o
(
. . . , (~x)s{Mi := (~xi)ti}1≤i≤k, . . .

)



Theorems

◮ Categories of models are monadic, and
complete and cocomplete. The induced
monads are finitary and preserve
epimorphisms.

◮ Second-order equational logic is a
conservative extension of Birkhoff’s
(first-order) equational logic.

◮ Two completeness results.

1. Semantic completeness of second-order
derivability.

2. Derivability completeness of
(bidirectional) second-order term
rewriting.



IV

Second-Order
Algebraic Theories



Second-Order
Theory of Equality

◮ Terms

M1 : [m1], . . . , Mk : [mk] ⊲ x1, . . . , xn ⊢ s

where

s ::= xj (1 ≤ j ≤ n)

| Mi[s1, . . . , smi
] (1 ≤ i ≤ k)

under the metasubstitution mechanism.

◮ The category M has set of objects N
∗ and

morphisms

(m1, . . . ,mk) → (n1, . . . , nℓ)

given by tuples
〈

M1 : [m1], . . . , Mk : [mk] ⊲ x1, . . . , xni
⊢ si

〉
1≤i≤ℓ

that compose by metasubstitution.



The Structure of
Second-Order Equality

Universal property of M.

The category M is universally characterised
as the free (strict) cartesian category on an
exponentiable object, viz. (0).

◮ Products:

(m1, . . . ,mk) = (m1) × · · · × (mk)

◮ Exponentiability:

(m) = (0)m ⇒ (0)



Second-Order
Algebraic Theories

◮ A (mono-sorted) second-order algebraic
theory consists of a small cartesian
category T and a strict cartesian
identity-on-objects functor M → T that
preserves the exponentiable object (0).

◮ The category Mod(T) of (set-theoretic)
functorial models of a second-order
algebraic theory T is the category of
cartesian functors T → Set and natural
transformations between them.



Algebraic Translations

For second-order algebraic theories M → T and
M → T

′, a second-order algebraic translation is
a functor T → T

′ such that

M

~~~~
~~

~
  B

BB
BB

T //
T

′

Algebraic Functors

Every second-order algebraic translation
F : T → T

′ contravariantly induces an
algebraic functor F∗ : Mod(T ′) → Mod(T).

◮ Algebraic functors have left adjoints.



Theories vs. Presentations

Classifying categories

— the theory of a presentation

For every second-order equational
presentation E, we construct a
second-order algebraic theory M(E).

Internal languages

— the presentation of a theory

For every second-order algebraic
theory T , we construct a second-order
equational presentation E (T).



Theorems

◮ Theory/presentation correspondence.

Every second-order algebraic theory T is
isomorphic to the second-order algebraic
theory of its associated equational
presentation M(E (T)).

◮ Presentation/theory correspondence.

Every second-order equational
presentation E is isomorphic, with respect
to a notion of syntactic translation, to the
second-order equational presentation of its
associated algebraic theory E (M(E)).

(An interesting example of syntactic
translation is the CPS transform.)

◮ The above two correspondences yield an
equivalence of categories.



◮ Universal-algebra/categorical-algebra
correspondence.

For every second-order equational
presentation E, the category of algebraic
models E-Mod and the category of
functorial models Mod(M(E)) are
equivalent.

◮ Categorical-algebra/universal-algebra
correspondence.

For every second-order algebraic theory T ,
the category of functorial models Mod(T)

and the category of algebraic models
E (T)-Mod are equivalent.



Further Directions

◮ Completeness of equational metalogic.

◮ Second-order universal algebra.

; Second-order variety theorem.
; Second-order algebraic categories.

◮ Model theory for higher-order term
rewriting.

; Second-order rewriting logic.
; Equivalence of higher-order reductions.

◮ Constructions on second-order algebraic
theories.

◮ Higher-order homotopical algebra.

Recent Developments

◮ Dependent types (e.g. Martin Löf Type
Theory).

◮ Polymorphism (e.g. System F).
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