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Alm

To give an elementary introductory presentation
of the basic ideas underlying a mathematical
theory of algebraic models for languages with
variable binding and substitution.



Specification of first-order syntax

Signature: A set of operators equipped with arities.

|—|: X —N



Specification of first-order syntax

Signature: A set of operators equipped with arities.

|—]:X —N

Example: The signature of monoids has operators {e, m} with
arities |e| =0and |m| = 2.



Inductive definition of abstract syntax

x € X

(Variables)
x| € 2*(X)

ty,...,t, € 25(X)
(Operators) (o] =n)
o(ty,...,tn) € 2X(X)

» Induction principle.

» Structural recursive definitions.



Analysis of abstract syntax

) -algebras:

A y {(xo : Alol — A}oez
Homomorphisms:

A lol £> Blol

%l lﬁo (o€ l)

A— B

h(oo(ar,...,an)) = Bo(h(ar),...,hian))

» Definition in a category with finite products.



The structure of abstract syntax

1. 2*(X) Is a X-algebra.
(Z*X)lol —  £*X

t1,...,tn = O(t1,...,tn)



The structure of abstract syntax

1. 2*(X) is a Z-algebra.
(I X))l T*X
t1,...,th — o(ty,..., tn)
XEt1, ..., XFty
XFo(ty,...,th)




The structure of abstract syntax

1. 2*(X) i1s a L-algebra.
(Z*X)lel —  ¥*X
t1,...,tn — ofty,...,tn)
XFEt1, ..., XFty
XFo(ty,...,th)

2. |—]: X—X*(X) is a free X-algebra on X.

X = 24(X) £*(X)
) S't'lf# : (2) 3talg.hom.{#

v
A A




Universal definition of abstract syntax

Definition: X — 2*(X) is the free X-algebra on X.

ABSTRACT SYNTAX = FREE ALGEBRAS

» Induction principle.
» Structural recursive definitions.
» Abstraction.

» Generality.



2-algebras revisited

Al = Ay

(TTA) A
a=[oloesx

oclr

. 4
N

2(A)

» Definition in a category with finite products and coproducts



2-algebras revisited

Al = Ay

(TTA) A
a=[oloesx

< ocx P
Z(A)
A Z(A) O(Cl1, ,(].n)
Pl > l[p] I
B 2(B) o(p(ar),...,plan))

» Definition in a category with finite products and coproducts



Abstract signatures

Algebras for an endofunctor:
A, a:SA—A

Homomorphisms:

SA - SB

« |e

A—h>B



Abstract syntax

Free S-algebras: S*X =X+ S(S*X)

S(§*X)

P
nx

X S*X




Abstract syntax

Free S-algebras: S*X =X+ S(S*X)




Abstract syntax

Free S-algebras: S*X =X+ S(5*X)

» Initial algebras are free algebras: S*0 is an initial S-algebra.

» Free algebras are initial algebras: S*X = (X + S(—))"0.




Initial=algebras

b 250 =] [ Z"O



Initial-algebras

b 250 =] [ Z"O

» For S finitary:

0—=S0)—>+-—>S§n) ——> - - -

\\S;.O /



Initial-algebra semantics

Compositionality:

S(§*0) S(A)
00 (3) s.t. (1)V
S R—— - A



Initial-algebra semantics

Compositionality:

S(§*0) S(A)
00 (3) s.t. (1)V
0" Gmig A
Induction Principle:
S(P) > 5(5%0)
|
2) s.t.a: oo = —
\
pc $*0




Renaming

Renaming:



Renaming

Renaming:

X o S*X
pl — l(—)[p]— My p)*
Y S*Y

Ny




Renaming

Renaming:

Functorial laws:




Parameterised structural recursion

Cartesian strength:
S(X) x P S(X x P) : (0(x1,...,xn),p) —=0((x1,P), .., (xn, D))



Parameterised structural recursion

Cartesian strength:

S(X) x P S(X x P) : (0(x1,...,Xn), P) = 0((x1,P), .-, (Xn, P))
Induces .
S(S*X) x P —1=S(S*(X) x P) —= S(S*(X x P))

GxxidJ J/GXXP

S*X)xP-——-—— =t ~ S*(X x P)

xid
b T /

X x P



Parameterised structural recursion

Cartesian strength:

S(X) x P S(X x P) : (0(x1,...,Xn), P) = 0((x1,P), .-, (Xn, P))
Induces .
S(S*X) x P —1=S(S*(X) x P) —= S(S*(X x P))

GxxidJ J/CTXXP

S*X)xP-———— =t ~ $*(X x P)
nxxid]\ /
XX P

NB: The discussion to follow on renaming and substitution applies more
generally to a tensorial strength S(X) ® P — S(X ® P) with respect to a
closed tensor product.



Renaming

Definition by parameterised structural recursion:

S(S*X) x YX——=S(S*(X) x YX)

(0% xidi l/GY

S*(X) xYX - >~ S*Y
1557 XidT Tny
X x YX - Y




Substitution

Definition by structural recursion:

S(S*X) x AX —==S(S*(X) x AX) == S(A)

(0% Xid\L

S*(X) x AX
X xidT /

X x AX



Substitution

Definition by structural recursion:
S(S*X) x AX—1=§(S*(X) x AX) —"=S(A)

O‘Xxid\L \Lo(

S*(X) x AX A
1ah% xidT /
X x A%
Obs: Substitution generalises renaming.

S*(X) x YX .



Obs: Renaming yields substitution.

LSS
$*(X) x ($*Y)X y
S\ Sry

where




Substitution structure

The structure
S*(X) x (S*Y)X =25 S5 (Y) =——Y

IS a substitution structure for S*




Substitution structure

The structure
My

S*(X) x (S*Y)X 2% S*(Y) <y

IS a substitution structure for S* in the sense of satisfying the
following axioms:

1. Projection.
XL/l =1




2. Extensionality.

t[xi/xi] =1
el geix) x (5X)X
\%



3. Associativity.

(t[ui/xi]) [vj /yj} _ t[ui["i /yj}/XJ

$*(X) x (S*Y)X x ($2) S*(X) x (S*(Y) x ($*2)¥)*

sxidl J{idxsX

S*(Y) x ($*Z)Y — = §*Z <———— S*(X) x (S*Z)X




4. Compatibility with renaming.

(a)

Xj[Xi = Yopil = Yo

X x YX S*(X) x YX

l |-

Y S*Y

Ny






=|xid



Example:

Substitution structure on the clone of operations:
» (D,D)(X) = [D*, D]
» X— [DX,D]:x+—=Av:D* v(x)

» [DX,D] x [DY,D]*— [DY,D] : 1, f+=Av:D".t(Ax: X f(x)(v))



Example:

Substitution structure on the clone of operations:
» (D,D)(X) = [D*, D]
» X— [DX,D]:x+—=Av:D* v(x)

» [DX,D] x [DY,D]*— [DY,D] : 1, f+=Av:D".t(Ax: X f(x)(v))

NB: The structure
(S*X)* x (§*X)X (S*X)* 1
(g, f)! Ax : X.s(f(x), g) Ax : X.nx(x) <=—()

IS a monoid.



Synthesis of substitution structure

substitution structure T(X) x (TY)X —=TY <—Y



Synthesis of substitution structure

substitution structure T(X) x (TY)* —=TY <Y

substitution structure ([ [y T(X) x (TY)X) —=TY <Y



Synthesis of substitution structure

substitution structure T(X) x (TY)* —=TY <Y

substitution structure ([ [y T(X) x (TY)X) —=TY <Y

( *T(X) x (TY)X) . TY < Y satisfying (1-3) and (4a&b)

X1) x (TY)X
T(X1) x X2 X1 x (TY)X2 -1 T(X) x (TY)X ——= [* T(X) x (TY)X
T(X2) x (TY)X2



Synthesis of substitution structure
= monoid structure

substitution structure T(X) x (TY)* —=TY <Y

( JX T(X) x (TY)X) . TY < Y satisfying (1=3) and (4a&b)

T o T — T <— Id satisfying monoid laws [cf. (1-3)]



Synthesis of substitution structure
= monoid structure

substitution structure T(X) x (TY)X —TY <—Y

(JXT(X) X (TY)X) — TY <— Y satisfying (1-3) and (4a&Db)

(TeT)(Y)

T o T — T <— Id satisfying monoid laws [cf. (1-3)]

TT—T<—Id satisfying monad laws

» S*Is the free monad on S



The finitary aspect of syntax

2(X) = Ueepx Z7(C)



The finittary aspect of syntax

The finitary condition

2(X) = Ueepx Z7(C)

amounts to consider X* as a variable set

[ — Set

for IF a category of contexts given by finite sets of variables and
renamings between them.

The mathematical universe of variable sets Set” is a

natural and convenient setting for syntax and semantics.




Variable sets

Variable sets: P ¢ Set”
[ {(P(C)}cer P €P(C) s CHp: Pl
_[=]: P(C) x F[C, D] — P(D)

s.t. plid] = p and (plpl)[T] = plTp]

forallp e P(C)and C ->D -~ E




Variable sets

Variable sets: P ¢ Set”
[ {P(C))cer p €P(C) e CHp:Pl
—[=]: P(C) x F|C,D] — P(D)
s.t. plid] = p and (plpl)[T] = plTp]
\ forallp e P(C)and C ->D -~ E
Examples:
> "

» (D,D)

» V,withV(C)=C [the type of variables]



Variable functions

Variable functions: f : P — Q in Set”

N\

[ {fc:P(C) — Q(C) Jcer
s.t. (fe(p))lpl = fo(plpl)

forallp: C—D



Variable functions

Variable functions: f : P — Q in Set”

[ [fc:P(C) — Q(C) }eer
s.t. (fe(p))lpl = fo(plpl)
forallp:C—D

N\

\

Examples:

» [-]:2*—(D,D) : (CF1t)—[t] € [D, D]



Variable functions

Variable functions: f : P — Q in Set”

[ [fc:P(C) — Q(C) }eer
s.t. (fe(p))lpl = fo(plpl)
forallp:C—D

N\

\

Examples:

» [-]:2*—(D,D) : (CF1t)—[t] € [D, D]

» f:V—P



Variable functions

Variable functions: f : P — Q in Set”

[ [fc:P(C) — Q(C) }eer
s.t. (fe(p))lpl = fo(plpl)
forallp:C—D

N\

\

Examples:

» [-]:2*—(D,D) : (CF1t)—[t] € [D, D]

» f:V—PamountstoxFp:P (V = F[{x},—])



Variable functions

Variable functions: f : P — Q in Set”

[ [fc:P(C) — Q(C) }eer
s.t. (fe(p))lpl = fo(plpl)
forallp:C—D

N\

\

Examples:

» [-]:2*—(D,D) : (CF1t)—[t] € [D, D]

» f:V—=Pamountstox+p:P (V =F[{x},—

» f:1—=Pamountstorp:P (1 =TF[0,—]



The untiverse of variable sets

Substitution tensor product: P e Q, with

DelF
(PeQ)(C) — J P(D) x (QC)P

Laws:
> (PeQ)eR = Pe(QeR)
= VeP = P P = PeV

» The substitution tensor product is closed.



The untiverse of variable sets

Substitution tensor product: P ¢ Q, with

DelF
(P eQ)(C) =J P(D) x (QC)P
Laws:
> PeQ)eR = Pe(QeR)
(P(xir=aqu)i) (U= 15)5 — P(xir qiy; = 15)5),

(i)
i)

(Pl )y =)y < Pl aily)” 1)),

= VeP = P P = PeV
X (Xi > Pi) > Pj P = pXiXy)
X(X=p) <= P pIXiYpil < PXitYoi)

» The substitution tensor product is closed.



» Substitution structure = monoid structure with respect to (V, e):

VeP PeP PeV
~__ % _—
\P/

X5 P/ ] = P; pl /] =7

(PeP)eP =Pe(PeP) "™ pgp

mer| lm

PeP

(pL9/ ) /g = pla /]



Finite products:

» 1, with 1(C) =1

» Px Q,with(PxQ)(C)=P(C) x Q(C)
Example:

> vn(_) %F[{X],.. . ,Xn}>_]



Finite products:

» 1, with1(C) =1

» Px Q,with(PxQ)(C)=P(C) x Q(C)

Example:

> vn(_) = F[{Xh' .. >Xn}>_]
Finite sums:

» 0, with 0(C) =1

» P+ Q,with (P+ Q)(C) =P(C)wQ(C)



Exponentials:

PR, with
PR(C)

fe Hp:C+D nr [QD, PD]

fp
QD —PD

Hl l[]

QE —— PE

forall C->D-5FE

/



Example: PV

PY(C)

/

fel

1p:C=>DinF [D> PD]

fo
D——PD

o| |-

E——PL

pr

forallC->D-%FE

/



Example: PV

( \
fp

D —=PD

P —[=]
o) - .
P (C) = fe 11p:C=DinF [D’PD] E PE

fr-tp

\ forallC->D-%FE }

Forp:C—=DinF,xeD,0:Z=C,z¢& Zwe have

1

- (Z2,2) ——=P(Z,2)

] \

C l[po,z>X] —[po,zt>x]

P

D - PD

and hence that f,(x) = (f . 1(z))[po, 2 x].



Moreover, for ally € Z, we have

f
(2,2 ———>P(Z,2)
LO ‘ ‘
C /[ldz >Z|+U] _[le >Z|%y]

LO'_1

(Z,2) —

LO‘_1

and hence that f ;1 (y) = (f o 1(2))idz, z = x].



Moreover, for ally € Z, we have

f
(Z2) Pz,
LO ‘ ‘
C /[idz ZH>Y] —[idz ,z>y]

LG_1

(Z,2)

_F

LO'_<I

and hence that f ;1 (y) = (f o 1(2))[idz, z = x].
Thus, f is completely determined by f .1 (z) € P(Z,z).
PY(C)

= { p € HO‘ZZEC HZQZZ P(Z,z) ‘ Por,z [02_1 01,21 > 22] —Porz }



PY(C)

~

{ p € HG:Z%C HZ%Z P(Z,z) ‘ Poy,z [02_101’21 >~ 23| —Porz }

Px[id(j, X = y] = Py }

= { pellzc P(Cz)

= { (X)P‘X¢C> (CxFp:P) }/~



~

12

12

{
{
L0
{

p e HO‘Z CHz€Z P(Z,z) ‘ Por z [02101 z1H 2] = Poy,z }

pxlidc, x =yl =py }

Penzgc
px¢C (Cxrp:P) |/

p‘CVCI—p P}



12

p € HGZ CHZQZ (Z Z ‘ Poy,z [02101 Z1 |_>ZZ] Poy .,z }

12

p €] ]zc Pl pxlidc, x =yl = py }

{
{
{ p|xgc, (Ccxrp:P) }/,\,
{

‘p‘CVCl—p P}

12

12

12

P(C+1)



The arity of variable binding
Operator Arity Operation
app 2=(0,0) P> —P
lam (1) PV P
let (0,1) PxPY—P
C,xFp:P
f:PV =P < A




A=-calculus syntax

The abstract syntax of the A-calculus (up to «-equivalence) A
IS algebraically described as the free L, -algebra on V for X,
the binding signature {app : (0,0),lam : (1)} interpreted in Set".

(

var: V—-= A
var(x) : A

C}_Jﬁl/\ C}_tzl/\
CFapp(ty, t2) : A

7\

app : A — A

C,xHFt: A
CH Iam((x)t) AN

lam: AY — A




A =Unen SA™M0 for Sy =V + (=) + (—)V

v

SalV)

SA%(V)

{7

X, U}

X, Y,2]




A =Upen SA™0 for Sx=V+ (=) +(—)V

V Sa(V) S?\Z(V)
1)
{x} var(x)
{x,U} var(x)
var(y)
x,u,z} var(z)




A =Upen SA™0 for Sx=V+ (=) +(—)V

0| V Sa(V) SA%(V)
1)
X} var(x) var(x)
{x,u} var(x) var(x), var(y)
var(y)
{x,y,z} var(z) var(z)




A =Unen SA™M0 for Sy =V + (=) + (—)V

0| V Sa(V) SA%(V)
1)
X} var(x) var(x)
app(var(x), var(x))
{x,u} var(x) var(x), var(y)

var(y) | app(var(x),var(y))

{x,y,z} var(z) var(z)




A =Upen SA™0 for Sx=V+ (=) +(—)V

0| V Sa(V) SHZ(V)
) lam((x)var(x))
X} var(x) var(x)

app(var(x),var(x))

lam((y)var(x))

{x,u} var(x) var(x), var(y)
var(y) | app(var(x),var(y))

lam((z)var(z))

{x,y,z} var(z) var(z)




A =Unen SA™0 for Sx=V+(—)*+(—)V

0| V Sa(V) SA%(V)
{} lam((x)var(x))
lam((x)lam((y)var(x)))
X} var(x) var(x)
app(var(x),var(x))
lam((y)app(var(x),var(y)))
lam((y)var(x)) lam((y)lam((z)var(z)))
{x,y} var(x) var(x), var(y)

var(y) | app(var(x),var(y))

lam((z)var(z))

{x,y,z} var(z) var(z)




Internal structural induction principle

= VP CA.
(Vv eV.var(v) € P)
N (Viy,t € Aty t, € P=app(ty,t,) € P)
AN (VfeAV. (Vv eV.f(v) e P)=lam(f) € P) |
— ACP



External structural induction principle

For { P(C) C A(C) }cer such that

| Vte A(C).Vp:C—DinF.t € P(C)=t[p] € P(D)
IfVCeIF.
R (Vx € C.var(x) € P(C))
N (Vt1,t2 € A(C). 14,1, € P(C) = app(ts, t2) € P(C))
(Vx € V\C,t € A(C,x).t € P(C,x) = lam((x)t) € P(C))

then
VCeF.Vte A(C).t € P(C)

» Rule induction on the derivation of terms



External structural induction principle

For { P(C) C A(C) }cer such that

Vte A(C).Vp:C—DinF.t € P(C)=t[p] € P(D)
If
vVCeF.
(Vx e C.var(x) € P(C))

Vi, t2 € A(C). ty,t2 € P(C) = app(ts, t2) € P(C))

(
(Vx e V\C,t € A(C,x).t € P(C,x) = lam((x)t) € P(C))
(

Vte A(C+1).teP(C+1)=lam(t) € P(C))

then
VCeF.Vte A(C).t € P(C)

» Rule induction on the derivation of terms



Substitution tensorial strength

» Pe(—):
(Pe(Q)) eR——=Pe(QeR)



Substitution tensorial strength

» Pe(—):
(Pe(Q)) eR——=Pe(QeR)
> (=) +(=):
(P+Q)eR — (PeR)+(QeR)
Up)(xi=Ti) = (p(xir=Ty))

)1(q)(xi=Ty) = J(Q<X19Ti>)



Substitution tensorial strength

» Pe(—):
(Pe(Q)) eR——=Pe(QeR)
> (=) +(=):
(P+Q)eR — (PeR)+(QeR)
Up)(xit=Ti) = 1(P<XW>T1>)

)1(q)(xi=Ty) = J(Q<X19Ti>)

(PxQ)eR — (PeR)x (QeR]

(P, d)(xir=Ti) = (P<X19Ti>> Q<X19Ti>)



> (—)V:
Every v :V — R, induces
(PV)eR — (PeR)Y
CH ((x)p)xir=1i) —  (Y)(pxir=1ill,x 1))
fori: C — (C,y)

and r =vc(u)



> (—)V:
Every v:V — R, Induces
(PY)eR — (PeR)V
CH ((x)p)xir=1i) —  (Y)(pxir=1ill,x 1))
fori: C — (C,y)

and r =vc.(y)

Pointed tensorial strength:

Ux (p1—=p): S(X) @ P — S(X ® P)



Algebras with substitution

For an endofunctor S with a pointed tensorial strength { on a
monoidal category (I, ®), define S-Mon as the category with
objects X equipped with an S-algebra structure o : SX — X
and a monoid structure X @ X > X <= I that are compatible
In the sense that

S(X) ® X 2% §(X @ X) ™ gx

oax| l

X® X X

m

Morphisms are both S-algebra and monoid homomorphisms.



Example: For D” <« D, the canonical monoid structure on
(D, D) with respect to the substitution tensor product has
a 2 -Mon algebra structure as follows:
» Application.
(D, D) x (D, D) — (D,DP) x (D, D) = (D, DP x D) — (D, D)

» Abstraction.
(D,D)" = (D,D”) — (D, D)



Inttial algebra semantics
with substitution

If the tensor product is closed, then the free S-algebra

on I is an initial S-Mon algebra.



Inttial algebra semantics
with substitution

If the tensor product is closed, then the free S-algebra
on I is an initial S-Mon algebra.

» The monoid structure on S*I is induced by parameterised
structural recursion and amounts to substitution.

Example: A = (X,)*V
CHk s(var(xj), (X > ti>) =1
C s(app(t,t’), <xil—>ti>) = app(S(t, (xi = ty)),s(t/, <Xi'_>ti>))
Cl—s(lam x)t), x1|—>t>)
( y)s x1|—>t1,X|—>var(y)>)) fory ¢ C



Example:
For D <« D there exists a unique Z,-Mon homomorphism

A — (D, D).



Example:
For D <« D there exists a unique Z,-Mon homomorphism

A — (D, D).

More generally:

If the tensor product is closed, then the free Sx-algebra
onIforSxy =X® (—)+ S(—) is a free S-Mon algebra

on X.

Obs: The free Lx-algebraon Ifor Ly = X ® (—) is a free
monoid on X.



Second-order abstract syntax

Term metavariables as variable sets.

¢ A term metavariable is specified as follows:
nkEM (n € N)



Second-order abstract syntax

Term metavariables as variable sets.

¢ A term metavariable is specified as follows:
nkEM (n € N)

¢ A set of term metavariables X induces the variable set X as
follows:

CHMlp1,...,pnl 1 X
forall m+=M) e Xand p: [n] — C.



Second-order abstract syntax
= Free algebras with substitution

Example: The initial (V + X e (—) + Z,(—))-algebra M,(X) is the
free £ -Mon algebra on X and can be syntactically presented as
follows:

(x € C)

C F var(x) : My(X)

Ck t: ./\/l}\(y) Ck t,: ./\/l}\(y) C,X -t M)\(X)

C - app(ty, t2) : Mi(X) C Flam((x)t) : Ma(X)



Ckti: MAX), ..., CFty: Mr(X)
Ck Mlty,..., ta] : Mx(X)

(nFM) € X)

Two sample terms:

app (lam((x)Mvar(x)]), N[]) M[N[I]



C|—t12./\/l}\(y),...,Cl—tni./\/l)\(y) ((nFM)EX)
Ck Mlty,..., tal : Mr(X)
Two sample terms:
app (lam((x)M|[var(x)]), N[]) MN[]]

» The monoid multiplication
M?\(X) ® M?\(X) — M?\(X)
extends the substitution of terms to term metavariables as follows:

S(M[t1,... ,tn],<xi»ui>) — M[S(t1><xi'»ui>)>-“ >S(tn> <Xi|%ui>)]



Second-order substitution

Cartesian strength:

» P x (—):
(Px (Q)) x R——=P x (Q x R)
> (=) + (=)
(P+Q)xR——= (P xR)+(Q xR)
> (—)Y

(PY) xR — (P xR)Y
(f,r) — Av:V.(f(v), 1)



» Pe(—):

(Pe(Q)) xR — Pe(Q xR]
(p(xit>qi),T) — Ppxir=(qi, 1))



» Pe(—):
(Pe(Q)) xR — Pe(Q xR]
(p(xit>qi),T) — Ppxir=(qi, 1))

> () o (=):
Every v : V — Q induces
(PeQ) xR — (PxR)e(Q xR)
C=(z);F (pxir—=qi)i, 1) — (phl,vh]) (xi= (qi, 1), 25 (velz), 7)1,

1 )
where (Xi)i — (Xi> Zj)i,j - (Zi)i



Consider a cartesian closed and monoidal category with a strength

EX,(y:I%Y),Z

(X®Y)x Z (XxZ)® (Y x Z)

and an endofunctor S on it equipped with a cartesian strength.
Let MX be aninitial (I+ X ® (—) + S(—))-algebra.
Then, M admits a renaming structure given as follows:

[+ (X x Y*) @ (M(X) x YX) + S(M(X) x YX)

id+(e®1)+Sr
\

(I+X®@ M(X)+ S(MX)) x Y* I+Y® M(Y)+ S(MY)
[eX)aX,O—X]Xid\L [eY>aY>GY]

MY

M(X) x YX



Furthermore, if the tensor product is closed, for S equipped with a
pointed tensorial strength, MX is a free S-Mon algebra on X and
M admits a (meta) substitution structure given as follows:

[+ (X x (MY)X) @ (M(X) x (MY)X) +S(M(X) x (MY)X)
id+(e®@mM)+Sm
S~
(I+X® M(X) + S(MX)) x (MY)X [+ M(Y) ® M(Y) + S(MY)
[ex,QX>Gx]Xid\L \L[eY>SY>0—Y]

M(X) x (MY)X — MY




Example: For

X={niF M}
consider
X1, ... X0 F 1 Ma(X)
and
{x1,... ,xn,xgﬂ, .,xgj -t : M(Y) }i
and let

Then, we have

X1, ..., Xn Fm(t,0) : MA(Y)



given as follows:
» m(var(x),®) = var(x)

> m(app t1>t2 ) — app( (th@))m(tZ)@))
» m(lam((x)t),®) = lam((x)m(t,©))
(

» m(Miluq,..., m]>@) = S(’%(X]m»m(uj>@),xk9Var(Xk)>i,k)



given as follows:

» m(var(x),®) = var(x)
> m<app(t1>t2)>@) — app(m(th@))m(tZ)@))
» m(lam((x)t),®) = lam((x)m(t,©))

» m(Milw,...,uyl,0) = s(t, <X;m > m(u;,0), x> var(xi) )i )
For instance,

m(app(lam((x)Mvar(x)1), N[}, (M(z) := t,N() :=u})

. = app(lam((x)s(t, (z+var(x)))),u)
an
m(M[N[]], {M(z) :=t,N() :=u})

= s(t, (zru))



Developments and programme

x Mathematical theory of substitution
- single variable and simultaneous substitution
- homogeneous and heterogeneous substitution
- specification and programs for substitution
. cartesian, linear, mixed, etc. substitution

*= Reduction of type theory to algebra
- algebraic syntax and semantics
- admissibility of cut
- NBE (Normalisation By Evaluation)
- dependent sorts
- higher-order types




*= Equational and inequational theories

- rewriting
- modularity

* Structural combinatorics

. species of structures
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